We describe a series of simulations of high temperature QCD with two avors of Wilson quarks aimed at clarifying the nature of the high temperature phase found in current simulations. Most of our work is with four time slices, although we include some runs with six and eight time slices for comparison. In addition to the usual thermodynamic observables we study the quark mass dened by the divergence of the axial current and the quark propagator in the Landau gauge. We nd that the sharpness of the N t = 4 thermal transition has a maximum around = 0:19 and 6=g 2 = 4:8. 12.38.Gc, 11.15.Ha Typeset using REVT E X 2
I. INTRODUCTION
Lattice simulations are an important source of information on the behavior of quantum chromodynamics at high temperature. Most work has been done with Kogut-Susskind quarks because of the exact remnant of chiral symmetry. Since the exact chiral symmetry of Kogut-Susskind quarks is a U(1) symmetry, there is some question about how well the results reproduce the real world with its SU(2) chiral symmetry. In the continuum limit the complete chiral symmetry is restored. However, in the continuum limit the results should be independent of the regularization used for the quarks. To test this it is important to study high temperature QCD with the other common form of lattice quarks, the Wilson quarks.
The rst simulations of high temperature QCD with two avors of Wilson quarks revealed a potential problem | for the values of 6=g 2 for which most low temperature simulations were done, 4:5 6=g 2 5:7, the high temperature transition occurs at a value of quark hopping parameter for which the pion mass measured at zero temperature is quite large [1, 2] . In other words, it is dicult to nd a set of parameters for which the temperature is the critical temperature and the quark mass is small. Further work conrmed that the pion mass is large at the deconnement transition for this range of 6=g 2 [3, 4] . (A recent study has concluded that for four time slices the chiral limit is reached at a very small value of 6=g 2 3:9 [5] .) Screening masses for color singlet sources show an approach to parity doubling in the high temperature phase similar to what is seen with Kogut-Susskind quarks [2, 3] . Also, measurements of the pion mass show a shallow minimum at the high temperature transition [6] .
Previous simulations with Wilson fermions have located t , the value of the hopping parameter at whch the high temperature crossover or phase transition occurs, as a function of 6=g 2 for N t = 4 and 6. The critical value of the hopping parameter, c , for which the pion mass vanishes at zero temperature has been located with somewhat less precision [1, 2, 6, 7, 3, 4] . Some measurements of hadron masses been carried out on zero temperature lattices for values of and 6=g 2 close to the t curve, allowing one to set a scale for the temperature, and to estimate c in the vacinity of the thermal transition [3, 4, 8] .
In more recent work at N t = 6 we have observed coexistence of the low and high temperature phases over long simulation times, and we have extended these observations in the present project. The change in the plaquette across the transition is much larger than for the high temperature transition with Kogut-Susskind quarks [4] . This unexplained behavior, as well as work by Hasenfratz and DeGrand on the eect of heavy quarks [9] , has led us to extend our work. This paper reports on a series of simulations with Wilson quarks at high temperature, in which we have studied a number of indicators for the nature of the phases. Using 8 3 2 4 lattices, we have extended earlier studies of the location of the thermal transition or crossover to = 0:20, 0:21 and 0:22. In the ranges of 6=g 2 and that have been studied earlier, we have done extensive simulations on 8 2 8 2 we made a series of runs on 62622024 lattices to make sure that the eects we see are not due to the spatial size of the lattice. In this report we will concentrate on the results with four time slices. Simulations with N t = 6 and 8 are still underway and will be described later.
We see a number of inexplicable eects. At large and small the crossover from the conned phase to the high temperature phase is smooth. Beginning at (; ) = (5:1; :16) and extending down to about (; ) = (4:51; :20) the crossover becomes abrupt, though probably not rst order. A rapid crossover is seen in the plaquette, real part of the Polyakov loop, , the entropy, and the quark mass derived from the axial current. For < 4:5, > 0:20 the transition once again becomes very smooth.
Section 2 discusses the quantities we measured, and section 3 summarizes the simulations and the results. Conclusions are in section 4.
II. MEASURED QUANTITIES
In our simulations we have measured the expectation values of the Polyakov loop, the space-space and space-time plaquettes, the chiral condensate , the entropy, screening masses for meson sources, the quark mass dened by the divergence of the axial current, and quark propagators in Landau gauge.
The expectation value of the Polyakov loop, hPi, is simply interpreted as exp(0F q =T ), where F q is the free energy of a static test quark. With dynamical quarks hPi is always nonzero, but it increases dramatically at the high temperature transition. We also measured the space-space and space-time plaquettes, h2 ss i and h2 st i. In our normalization these are equal to three on a completely ordered lattice.
The energy, pressure, entropy and with Wilson quarks are obtained by dierentiating the partition function with respect to the temporal size, the spatial size, and the quark mass, respectively. Details are given in appendix A. We study the entropy to lowest order in g and , using the formulae: 
where s g and s f are the gluon and fermion entropies, respectively. We measured screening masses for meson sources with quantum numbers of the , , and a 1 . These measurements are a standard hadron spectrum calculation, except that the 4 propagation is in the z direction. We used a wall source covering the entire z = 0 slice of the lattice, with the gauge xed to a spatial Coulomb gauge which maximizes the traces of the x, y and t direction links. After blocking ve to ten measurements together to minimize the autocorrelations, we t all the propagators to a single exponential using the full covariance matrix of the propagator elements.
A quark mass can be dened from the divergence of the axial current [10, 11] . The basic relation is a current algebra relation r 1 h 5 (0) 5 
If we sum over x,y,t slices, and measure distance in the z direction, this becomes: @ @z 
We dene P S(z) as the pion correlator with a point sink:
and A(z) as the axial current correlator:
where W(0) is the wall source at z = 0. At long distances both P S(z) and A(z) will fall o as exp(0m z). Therefore we perform a simultaneous t to the two propagators on a lattice periodic in the z direction using three parameters, C, m and m q ,
A
The factor of sinh(m ) in Eq. (8) comes from using the lattice dierence f(z+1)0f(z01) for the derivative in Eq. (5) . Note that PS(z) is periodic in z while A(z) is antiperiodic. We use the pointlike axial current (z) 5 (z) rather than a point split current. These are quark masses in lattice units; to convert to continuum quark masses requres a lattice-to-continuum renormalization. See Ref. [17] for a discussion of this point. The quark propagator in the Landau gauge was also measured. This propagator has been studied with Kogut-Susskind quarks in Ref. [12] . We chose a source constant in the y direction and a function in x, z and t with only the real part of the rst Dirac component non-zero (in the Weyl basis we use). Because of the -function all possible momenta in x, z and t directions were excited. To distinguish among the dierent momenta we performed a Fourier transform of the propagator in x and t directions (taking into account that it has to have odd frequencies in t direction). This gives the propagation of the quark in the z direction as function of k x and k t , i.e. the dispersion relation of the screening propagator. In order to keep the amount of generated data at a reasonable level, the propagator was saved only for on-axis momentum values of k x and k t . This enabled us to measure the on-axis dispersion relation of the quark screening mass, in particular the screening mass dierence of the quark and light doublers. The form to which the spatial propagator is tted is usually motivated by the form of the free propagator. We suppose that at large distances, each separate momentum component of the spatial propagator resembles the corresponding free quark form, but with its own renormalized quark mass, or in this case of Wilson fermions, with a renormalized .
In momentum space the free Wilson propagator is G(k) = 
For Kogut-Susskind fermions [12] the free propagator turns out to be a sum of two terms, having parts with an alternating sign in z-direction. For Wilson fermions, with our choice of the source, the propagator is a single exponential, or hyperbolic cosine, on a nite lattice.
Furthermore, the sign of G 1 at k = 0 changes at c = 1=8. Therefore, measuring the sign of the propagator can be used as an indicator of whether is eectively greater or less than c .
One can infer from Eqs. 13{15 that the only eect of nite spatial lattice size is the discretisation of the momenta. For a given momentum all lattice sizes give the same value of the screening mass. For a smaller lattice, the range of allowed momenta is more restricted, of course. . \(h)" \(c)" indicate hot and cold starts. The acceptance rate gives the average over all runs in the sample kept for measurement, whether or not dt was changing during the runs.
Center for Supercomputing Applications, and on a cluster of RS6000 workstations at the University of Utah. We used the hybrid Monte Carlo algorithm with two avors of dynamical quarks in all our simulations [13] . The parameters of our runs are listed in tables I, II and III.
For the 8 2 2 20 2 4 runs we used trajectories with a length of one unit of simulation time and made measurements after every second trajectory. The step size for these runs ranged in the normalization of Ref. [14] from 0.033 for the largest 6=g 2 and smallest to 0:02 at the other extreme. Acceptance rates for these runs range from 70% to 90%, with an average over all the runs of 87%. For computation of the fermion force in the updating and the propagators in the measurements we used the conjugate gradient algorithm with evenodd ILU preconditioning [15] . Previous work showed that as increased from 0.16 to 0.19 along the N t = 4 high temperature crossover line the pion mass decreased, suggesting a closer approach to the high temperature transition in the chiral limit [3] . More recent work by Iwasaki et al., beginning from the 6=g 2 = 0 limit, suggested that a high temperature transition for zero quark mass might be found at 0:225 [16] . We have done a series of runs on 8 from hot and cold starts. These points are marked by arrows in Fig. 3 . However, these two runs eventually converged to similar values, lying in between the values in the early parts of the runs. The time history of the Polyakov loop in these two runs is shown in Fig. 4 .
We now examine the 8 [6] , [7] , [3] and [4] . We show error bars where they are known. For series of runs done at xed the error bars are vertical, while for series done at xed 6=g solvingM yM x = b indicates how singularM is on the average. This quantity has been used as a probe of the physics in Ref. [16] In Fig. 6 we show the average number of conjugate gradient iterations used in an updating step, where a linear extrapolation of the last two time steps was used to produce a starting guess for the solution vector. For 6=g 2 = 5:3 and N t = 4 there is very little eect on the number of iterations at t . As 6=g 2 is decreased for N t = 4 there is an increasingly sharp peak in the number of iterations at c . Notice also the sharp peak in the N t = 6 results for 6=g 2 = 5:3. Figure 7 shows the average plaquette in these runs. Our normalization is such that the plaquette is three for a lattice of unit matrices. The plaquette also shows a sharp rise as the high temperature crossover is passed. Notice that for 6=g The chiral condensate is less useful for Wilson quarks than for Kogut-Susskind quarks, since it does not go to zero in the high temperature phase without dicult subtractions. Nevertheless we plot it in Fig. 8 . There is a clear drop in as the high temperature transition is crossed. This drop increases dramatically as 6=g The quark mass dened by the divergence of the axial pion propagator is plotted in Fig. 10 . When this quark mass was small we had great diculty in getting good ts to the forms in Eqs. 8 and 9. This is expected, because when the quark mass is small the amplitude for the propagator A(z) is very small. Additionally, there is a tendency for the eective quark mass, or the quark mass coming from a t over a short distance range, to increase with distance from the source. In cases where we were unable to get a t with a satisfactory 2 or where the quark mass was not convincingly independent of distance, we plot the point with a question mark in Fig. 10 . To pursue this further we ran one of the dicult points, 6=g the ratio out to a distance of twenty. Figure 11 summarizes the results. In this gure we show the eective pion mass obtained from PS(z) and A(z) by tting two two successive distances, and the quark mass obtained from simultaneously tting both propagators at the two successive distances (a one degree of freedom t). Unfortunately, in all other cases the lattice was only twenty sites long and we have to draw conclusions from distances less than ten. In Fig. 10 we see that when the N t = 4 lattice enters the high temperature regime the pointlike axial current quark mass no longer agrees with the low temperature lattices (N t = 6 and 8). The plusses at m q = 0 in Fig. 10 are estimates for the zero temperature c . The axial current quark masses go through zero at less than the zero temperature c . When the axial current quark mass vanishes, the system is in the high temperature In Fig. 12 we show the squared pion screening masses in these runs. Again we see an increasingly sharp dip at t as 6=g To investigate the contributions of the doublers to thermodynamic quantities such as the entropy we measured the eective masses from the quark propagator in Landau gauge at a few values of and 6=g 2 . We nd that tting the quark screening propagators is more dicult than tting the meson propagators. In part this is because the quark propagators uctuate more from conguration to conguration. There also seems to be a systematic trend toward larger eective quark masses at larger distances. With these caveats, the masses of the physical quark and the lightest doublers are given in Table IV selected by choosing the largest t range that gives an acceptable condence level. The ranges and condence levels are also given in Table IV . TABLE IV. The screening masses for the quark and the lightest doublers. 1ma s(t) is the dierence of the spatial (temporal) doubler screening mass to the quark screening mass at the lowest momenta. The sign is for G(k t = =4). The ts were done simultaneously to all three propagators taking into account the cross correlations. The condence level q and the range of each t is also displayed.
IV. CONCLUSIONS
The most naive expectation regarding the thermodynamics of two avors of Wilson quarks at xed N t is that there would be a line in the ; plane at which a connementdeconnement transition occurs, that the transition would be smooth (crossover or second order), that the pion mass would smoothly decrease along that line, and that at some point, possibly corresponding to the point where the transition line crossed the zero temperature c 0 line, the pion mass would go to zero. At that point one would have a nite temperature connement-deconnement or chirally restoring transition analogous to that seen in staggered fermions. Simple arguments [9] would put this point around = 5:0 at N t = 4.
These naive expectations are not borne out by the data. The chiral limit is reached at a very small value if it is reached at all. However, near = 5:0 N t = 4 Wilson thermodynamics displays a number of features which have no analogs in staggered fermion systems. The transition becomes very sharp, though not rst order as far as we can tell. A cusp in the pion screening mass appears as one crosses from the conned to the deconned phase. The axial vector quark mass becomes strongly N t dependent at this point and for small N t does not go to zero at its zero temperature value (at xed ). The sharp transition persists down to = 4:5; = 0:20 or so, at which point it is once again becomes smooth. As far as we can tell, the zero temperature = c point plays no role in any N t = 4 eects we have observed.
It is tempting to speculate that the crossover line in the , 6=g 2 plane is close to some phase boundary where the transition is steepest. We are currently exploring this region with N t = 6, where preliminary results indicate a change in the nature of the high temperature transition around this value of .
Indicators for the nature of the high temperature phase give a somewhat mixed picture. It is clear from the meson screening masses and from that chiral symmetry is at least 22 partially restored at high temperature. While the axial current quark mass goes to zero the 0 and 0 a 1 splittings in the screening masses remain nonzero. Quark propagators in the Landau gauge suggest a large constituent quark mass at the transition, at least for 6=g 2 = 5:3 and 5:1. This is consistent with earlier work [3] where at the N t = 4 crossover point near these (; ) values the zero temperature pion was found to be quite heavy.
Notice that the series of runs at 6=g 
APPENDIX
Expressions for the energy, pressure and are found by dierentiating the partition function with respect to 1=T , volume and quark mass, respectively. First, we write the action with adjustable lattice spacings in all directions. Introducing dimensionless parameters , we write the lattice spacing in the direction as a = a . Clearly this is redundant, since we have ve parameters, a and to specify four lattice spacings, but it is convenient and symmetric. In the conventional notation of Karsch, = i = t , where all the spatial 's are the same. When we are done taking derivatives, all the will be set to one. 
The in the coecient of = D takes care of the dimensional scaling of the rst derivative. Notice that we have made a somewhat arbitrary choice in M when we scaled the irrelevant second derivative part with in the same way that we scaled the rst derivative part. The in the coecient must be adjusted to get correlation functions to be Euclidean invariant. Its role is similar to the Karsch coecents C and C in the gauge action. Presumably has a power series expansion in g just as C and C . Once again we have more parameters than we need: four and for four directions. This parameterization is convenient because it includes the customary and, later, c as parameters. We can x the ambiguity well enough for our purposes by requiring that = 1 when all the are equal. In other words, if all directions are scaled by the same factor the only thing that changes is .
Let c be the value of at which the pion mass and quark mass vanish, at least on an . is the inverse temperature, = aN t t . Here the energy and pressure derivatives are taken with m constant, rather than with constant. This is because c depends on the , so that if we distort the lattice while holding xed, the quark mass, and every physical mass, will vary sharply.
We change the temperature and volume using The contributions to the energy and pressure from S g and S f add. Doing the dierentiation, and then setting the to one, the gluon energy is 
The entropy is obviously zero at T = 0. Just as the gauge couplings vary with the lattice spacings, 01 c and vary with the lattice spacings as we try to hold m xed. There is an explicit dependence of 01 c on m plus a dependence of 01 c on g, where g is varying with the . Now it clearly doesn't matter which direction we stretch the lattice, since 01 c is dened on the innite lattice, so 
Just as for , the 1 term in f and p f comes from dierentiating the overall factor of 01 . It can be included or not, as desired. It will cancel when the nite parts of the energy and pressure are calculated by subtracting the zero temperature result from the nonzero temperature result. However, the 
We could proceed by estimating @ 01 c =@6=g 2 from our data at various values of 6=g 2 , or from correlations of the hadron propagators with the plaquette. Similarly, we could take a beta function either from perturbation theory or from some set of lattice simulations. We will not solve this problem here, so we will only quote the entropy rather than the energy and pressure separately.
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